We give a shorter proof than the one currently published in literature that a specific threshold graph on n vertices and m edges has the fewest spanning trees among all connected simple graphs on n vertices and m edges.
Introduction
In this paper by a graph we mean an undirected simple graph. Let t(G) denote the number of spanning trees in graph G. Let n and m be positive integers so that there is a connected simple graph G m n on n vertices and m edges. Let H = H(n; d 1 , d 2 , . . . , d k ) be a threshold graph (threshold graphs are well known family of graphs [4] ) consisting of (n − k)−clique, with vertices v k+1 , v k+2 , . . . , v n , and an independent set on the remaining k vertices, the i'th one of which is joined to v k+1 , v k+2 , . . . , v k+d i . Let L n,m denote a threshold graph on n vertices and m edges such that L n,m = H(n; d 1 , 1, . . . , 1). It was proved in [2] that if G m n exists then L n,m exists and it has the fewest spanning trees among the connected simple graphs on n vertices and m edges, i.e., t(L n,m ) ≤ t(G m n ). This proved Boesch's conjecture [1] . In this paper we give a shorter version of this proof by eliminating a need for two Lemmas from [2] .
Preliminary Results
We recall here two Theorems that will be used in our proof. First,
Theorem 2.1 [2-3] For any connected graph G, there is a threshold graph H, with the same numbers of vertices and edges, such that t(H) ≤ t(G).
Second, in [2] we derived formula for the number of spanning trees in threshold graphs.
In addition, we also need the following Lemma. 
The minimum of f over the region
occurs at some point (x 1 , x 2 , . . . , x k ) that satifies at most two of the following inequalities strictly:
Main Result
The proof presented here corresponds to a proof published in [2] , but it is shorter by eliminating need for Lemmas 4.3-4.4 from there. Before presenting our main result, which is Theorem 3.2, we need the following Lemma 3.1 from [2] . For completeness and clarity of this section we include an abbreviated proof of this Lemma as well. 
Proof. We define functions
respectively as follows:
and
For the purpose of this evaluation we assume b, c, k, u, r ∈ R. The proof follows by direct comparison of
Case 1: c = k + 1 (least possible).
In this case we have
Because ∂g 3 (b, k, u)/∂u > 0 then we can assume u = 0, and compare
By direct calculation we have
This simplifies to the following verification
It was numerically verified that for 26 ≥ k ≥ 2 (3) holds. For k ≥ 26 we evaluate it as follows:
We verify that (
So, ((k + 1)/k) k > 8/3 holds for k ≥ 26, which implies that (3) also holds. Hence, we conclude that
Case 2: c = kb − k (largest possible).
In order to establish r in (2) for comparison, we introduce a substitution u, k , w) ). For b = 3 we evaluate ∂g 3 (b, u, k , w)/∂w for the points where w becomes integer. Based on the straightforward evaluation we obtain the following:
For w ≥ 0 expression 1/(4 + w − 1) − 1/(4 + 2w) has maxima for integers w = 0 and w = 1 with minimum ∂g 3 
For b ≥ 4 we evaluate ∂g 3 (b, u, k , w)/∂w in straightforward way and obtain the following:
is satisfied for b ≥ 7. So, we can assume that w = 0, which corresponds to
So, we can assume u = 0 and focus on verifying
We also verify that
for k = 2 and b ≥ 3 based on the standard evaluation, and that ∂g 4 (b, k)/∂k asymptotically converges to 0 as b approaches infinity for k = 2. This implies that ∂g 4 (b, k)/∂k > 0 for k = 2. By straightforward evaluation we obtain Let g 5 (b, c, k, u, r) = ln(g 1 (b, c, k, u)/g 2 (b, c, k, u, r) ) -based on (1) and (2) . So, g 5 (b, c, k, u, r) > 0 for c = k + 1 and for c = kb − k. By examining ∂g 5 (b, c, k, u, r) /∂c = 0 we conclude that there are at most two extreme points between c = k and c = bk. For given b, k, u we have bk, k, u, r) . This means that g 5 (b, c, k, u, r) = 0 for c = k and for c = bk. So, there must be exactly one extreme point (maximum) for k + 1 ≤ c ≤ kb − k, which means that
Now, the main result follows.
Theorem 3.2 For any connected simple graph G on n vertices and m edges t(G) ≥ t(L n,m ).
Proof. Let G 
where k, i ≥ 1, and
If m = n − 1 then H is a tree and the case is trivial. Hence, without loss of generality consider only case for m > n − 1. If H = H(n; 1, . . . , 1) then H = L n,m . Otherwise, 1 , 1, . . . , 1) ), resulting in a contradiction. This proves Theorem 3.2.
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